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where the sum is over all cyclic permutation of (a, b, c) and equality occurs
when a = b = c = 1.
Solution: First let us observe that x2 + 3 ≥ (x+ 3)
2
4
, which is equivalent
to (x−1)2 ≥ 0. Using this inequality for the denominators in (1), we observe















So, we will concentrate in proving (3) which is a stronger inequality than
the one required in the problem.
1
Multiplying (3) by 6 and substituting 9 = (a+ b+ c)2 = a2+ b2+ c2+2ab+
2bc+ 2ac, (3) changes into





) ≥ 0 ⇔

















 ≥ 0. (4)
In order to prove (4), we will show the following two inequalities:














defined for x > 0.








x+ 3)−3x−5/2 > 0, x > 0.
This shows that g is a convex function and so 13(g(a) + g(b) + g(c)) ≥
g(a+b+c3 ) = g(1) =
1
4 . This last inequality is equivalent with (6).
Now, to show (5), let us observe that this inequality is equivalent to
(a+ b+ c)(a2 + b2 + c2 − 2ab− 2bc− 2ac) + 9abc ≥ 0 ⇔
a3 + b3 + c3 − a2(b+ c)− b2(a+ c)− c2(a+ b) + 3abc ≥ 0. (7)
Without loss of generality let us assume that a ≤ b ≤ c. Since 3 = a+b+c ≥
3a, we see that a ≤ 1. Now, (7) can be written as
a(b− a)(c− a) + (b− c)2(b+ c− a) ≥ 0 or
a(b− a)(c− a) + (b− c)2(3− 2a) ≥ 0,
which is true under our assumption. 
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